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INTUITIONISTIC LOGIC

Intuitionistic Logic, around a century
old implicitin Brouwer’s Intuitionistic
Mathematics. Made explicitby Heyting
around 1930, based on the idea of
constructive proof. Propositional

logic IPC axiomatized from classical

CPC by deleting

——-A-A

or alternatively

AV —=A,or ((A-B)—>A)—> A (Peirce’s
Law)

41

KRIPKE FRAMES FOR INTUITIONISTIC
LOGIC

Frames (usually § =«W, R»):
A set of worlds W , also nodes,
points
An accessibility relation R, which
is a partial order
Models (usually M =W, R, \):
a persistent valuation V

whw'&w € V(p) = w' € V(p)
(persistence)
with the clause:

wlikpnry < wl-pand wik 1,
wiFkpviYy < wikporwl-,

wl-p =Y = Yw(wRw' and w' I- ¢

= w k).
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Completeness of IPC

Completeness can be proved by
canonical models.

Moniri, Shirmohammadzadeh Maleki

in [2015] presented a neighborhood e R
semantics for IPC.

A. Visser in 1981 characterized the

Translation of IPC into S4 propositional logic that is embedded

into K4 by the Godel translation and

The translation [ into £, the called it Basic Propositional Logic

language of modal propositional BPC. He proved the soundness and

logic: completeness of BPC with respect to

finite and transitive Kripke models in
p~ = Up,
(AAB)F = AP A BE,
(Av B)E = AZ v BT,
(A— B)F =0O(A- — BU).

the natural deduction form.

In 1997, Suzuki and Ono introduced a
Hilbert style proof system for BPC.
They proved a weak completeness

Then Hpc A = Fgq AP theorem.
BPC has the property common to

= W D =

54 is called a modal companion of IPC. subintuitionistic logics that it doesn’t

[t is not unique, there are weaker and allow modus ponens in deductions

stronger ones like Grz. from hypotheses.

Theorem

Thi lizes to:
1S generalizes to Strong Completeness Theorem for BPC

Bi..... Bi Fipc A — Bllj ..... BkD Foq AD.
Subintuitionistic Logics with Kripke

> Fepc A & X lbppc A

models

Subintuitionistic Logics were
introduced by G. Corsi in 1987 with
Kripke models as in IPC but without
persistence of truth, reflexivity,

transitivity.
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The basic logic F in Hilbert style with

additional rules.

A—AVB A— 4

B—AVB (A—-B)A(B—C)—(4—C)
ANB—A (A—B)ANA—C)—(A—BAC)
AAB—B (A—C)AB —C)—(AVB —C)
% (conjunction)  AABVC)—(AAB) UAAC)

A A—>B —4__ (a fortiori or weakening)
B B—A

Properties of F

Unprovable in F are e.g.

A—(B-A)
A—(B—AAB)
AAN(A-B)—-B

Restall [1994] defined a similar system
SJ.

Restall didn't know about Corsi, and
neither of them knew about Albert’s
BPC, which is an extension of F, and,
in fact can prove both A — (B — A)
and A —> (B—-> AAB).

Corsi and Restall considered also

extensions of F with some of the

relevant

properties,  reflexivity,

transitivity, persistence.

Translation of F into K
We change the translation [J into £q.

» pY = p, because of the lack of persistence!
» 23,4 as before.

5

Then FE A — kg AV,

This is all still Corsi’s work.

With the weak deduction theorem the
translation works under assumptions.

We expect there to be more modal
companions of F than just K.

Classical

Modal Logics

Neighborhood semantics is used for the
classical modal logics (non-normal
modal logic) that are strictly weaker
than the normal modal logic K.

Aneighborhood frame for modal logic
hW , Nj, has instead of an accessibility

relation a neighborhood function
N: W — 22"

that assigns to each element of W a set
of subsets of W.

Specifically, if 91 is a model on the
frame, then

Mw DA = A c N(w),

where A™ is the truth set of A.
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E is the smallest classical modal logic

with rules:

A=B A A=B
OA<OB' ~ B *

Theorem
The logic E is sound and strongly
complete with respect to the class of

all neighborhood frames.

The logic EN = E+OT,

or, equivalently, E + necessitation.

Theorem

The logic EN is sound and strongly
complete with respect to

neighborhood frames for which Yw €

W, W € N(w ).

The logic M =E+0O(AA B) — (DAATB)
is the smallest monotonic modal
logic.

Theorem

The logic M is sound and strongly
complete with respect to the
neighborhood frames that are closed
under superset, i.e. if X € N(w ) and X
CY,thenY € N(w).

The Classical Modal logic:

ENC= EN+ (OAAOB) — O(AA B)

Completeness holds for EC with respect
to the class of neighborhood frames
that are closed under intersection.

The logic K is the smallest normal, or

Kripkean, modal logic.

s & /7
s i st U

Lemma

The logic MCN equals the logic K.

Completeness holds for K with respect
to the class of augmented

neighborhood frames, i.e. closed under
superset and containes its core

provided for all

MCN(=K

~~M _—
T |

T~ EN

Neighborhood Semantics

Dick de Jongh and F. Sh. Maleki have
introduced a system WF, weaker than
F, and a neighborhood semantics for
it.
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The system WF

The logic WF misses the following
axioms of F:

(A-B)A(A—-C)—(A-BAC)

(A-B)A(C -»B)—-(AvC —»B)

(A>B)A(B—C)—(A—C)

andreplacesthembythe corresponding
rules:

A—B A—-C
A—BAC

A—B C—B
AVC—B

A—B B—C
A—C

NB-Neighborhood Frames

Definition

F= hW, NBi is an NB-Neighborhood
Frame of subintuitionistic logic if, NB
is a function from W into P((P(W))2)
such that

VWEW,VX,YEPW) (XSY =
(X,Y) € NB(w )).

NB-models, validity, completeness

Valuation V :

At — P(W) makes M= (W, NB, V) an

NB-Neighborhood Model with the
clause:

44

MwikA=B = (A% B™) c NB(w),

where A™ denotes the truth set {u| M, u - A} of A.

Theorem

The logic WF is sound and strongly
complete with respect to the class of
NB-neighborhood frames.

Completeness for logics between WF
and F

C (A5B)A(A=C)—= (A= BACQ)
C (A5BAC)= (A= B)A(A—= Q)
Theorem

If rc {C.C}, then WFT is sound and
strongly complete with respect to
the class of NB-neighborhood frames
with all the properties defined by the
schemes in I.

N-Neighborhood Models

Definition

§=(W.N) is an N-Neighborhood
Frame of subintuitionistic logic if N is
a function from W into P(P(W )) such

that
weW, WeNw).

N-neighborhood models are defined
from frames in the usual way with the
clause

MwliFA B < AMUB™c N(w).
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The System WFy
To the system WF we add the rule N to
obtain the logic WFN:

A—BVC C—AVD ANCAD—B ANCAB—D

N)
(A—B)—(C —D)

Theorem

(Completeness of WF)) Thelogic WFN
is sound and strongly complete with
respectto the class of N-neighborhood

frames.

The System WFy2
To the system WF) we add the rule N2
to obtain the logic WFy2 :

C —AVD AACAB—D
N2)
(A—B)—(C —D)
Definition

The N-neighborhood frame §=(W. N)is
closed under N-superset if and only
if for all we W and X, Y. X" Y' € P(W),

if XUY eNw)and XUuY CUUYV,
then UU V € N(w).

Theorem

The logic WFN2 is sound and strongly
complete with respect to the class
of N-neighborhood frames that are

closed under N-superset.

Subintuitionistic Logics

Translation into Modal Logic

We consider the translation O into £,
the language of modal propositional
logic.

1. pY=p, asin Corsi, of course different
from the usual (Op),

2. (AANB)Y = AP A BT,

3. (AvB)? =A"vB",

4. (A— B)Y =0O(A” — BY).

44
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Modal Companions
Theorem

For all formulas A, WFy - A iff EN + A,

Theorem

For all formulas A WFy, ~ A iff MN  A”.
Theorem

For all formulas A, WFyC F A iff ENC - AT
Theorem

For all formulas A WFy,C A iff K- AR,
K is not only the modal companion of
F but also of WFpz2 C.

Subintioitionistic logics

MCN( K)
— MN

\

\

Classical modal logics

FA

= W N =

Binary Modal Logic
The modal language L(At)

smallest set of formulas generated by

is the

the following grammar, where p € At:
p|-A|AAB|A=B.

Definition

A pair F=(W,NB) is called a
Neighborhood frame of binary
modal logic if W is a non-empty set
and NB is a neighborhood function
from W into P((P(W ))?).

Neighborhood models are defined

from frames in the usual way.
Truth

Definition
Let o = (W, NB, V) be a Neighborhood
model of binary modal logicand wew.

Truth of a propositional formula in

M. wE=p < we V(p),
M w = -A o MwEA,
MwEAANB < MwiEAand M wEB,

MwpEA=B < (A% B e NB(w).

Where A™ denotes the truth set of A.

Binary Modal Logic

A<—B C <D
(A=>C)—(B=D)

E2
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Definition

EZ is the smallest set of formulas
containing all instances of PC closed
under the rules £Z and MP. We call it
Classical Binary Modal Logic.

Theorem

The classical binary modal logic EZ issound
and strongly complete with respect to the

class of binary neighborhood frames.
Binary Modal Logic

Imp A— B

A=>B

The system Ezlmp is obtained from E2
by adding the rule Imp.

Definition

A binary neighborhood frame F = hiv/,
NBi is subset closed if for all w e W, if
X cYthen (X,Y) € NB(w).

Theorem

The logic Ezlmp is strongly complete
with respect to the class of subset closed
neighborhood frames.

Mb (C=AAB)->(C=>A)A(C=>B)

Cb (C=>A)A(C=>B)->(C=>AAB)

Theorem

If r C {mMP.CP} | then EzlmpF is sound
and strongly complete with

respect to the class of binary

neighborhood frames with all the

properties defined by the schemes in I.

Binary Modal

Companions

Translation into Binary Modal Logics

We consider the translation = from L,
the language of IPC, to
Lbin, the language of binary modal

propositional logic:

p~ =p;
(AAB)™ = A= A B=;
(Av B)= = A= v B~;
(A= B)™ = (A= = B™).

L s

Modal Companions

Fwr A iff b AT

Imp
Fwre A ff

Imp

. A=
E2,,M?

“wrec A IE Fe2 amoce AT

With the weak deduction theorem we
can show that the translation works

under assumptions.

#4
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